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Abstract
We consider the asymptotic behavior of nite sphere packings in the face centered cubic lattice
(fcc), the hexagonal closest packing (hcp) and related periodic structures called Barlow packings.
We use concepts as the parametric density and the density deviation and compare packings in
dierent periodic structures. We prove that for any structure M there is a range for the parameter
% such that the regular octahedron in fcc is asymptotically %-denser than any polytope in M .
This result has a physical and a mathematical aspect: (a) Most of the noble gases cristallize in
fcc. So it is a model for this physical fact. The Lennard{Jones potential does not reect this
fact. (b) Further, it shows that large sphere packings of the critical lattice converge faster to
the density L = =
p
18 than other periodic sphere packings. So it is a nite contribution to the
Kepler problem. c© 2000 Elsevier Science B.V. All rights reserved.
1. Introduction
We consider the asymptotic behavior of nite sphere packings in the face centered
cubic lattice (fcc) and in the hexagonal closest packing (hcp) and other related pe-
riodic structures called Barlow packings (cf. [6]). These are built up by laminated
two-dimensional hexagonal lattices by putting the centers over holes in the adjacent
layer. If A denotes the 0-position, then there are two holes per fundamental domain,
which determine B and C. Now fcc is built as ABCABC: : : (or ACBACB: : :) and
hcp as ABAB: : : : Furthermore, we allow any periodic sequence of A, B, C with the
restriction that adjacent types are dierent. These periodic structures can be written as
M = Ln + ft1; : : : ; tng, where t1 = 0 and
tj = (j − 1)  (−2; 2; 2)T + j  (2; 1; 1)T; j = 2; : : : ; n;
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with j 2 f0; 1; 2g (note that j = 0; 1; 2 yields A, B or C) and Ln is the lattice with
basis
f(3; 3; 0)T; (3; 0; 3)T; (−2n; 2n; 2n)Tg:
The rst two vectors span a two-dimensional hexagonal lattice and the third vector is
orthogonal to its linear hull. In this integer representation M +3
p
2=2 B3 is a periodic
packing of spheres. The polar lattice Ln of Ln (see [7]) has a basis
fb1; b2; b3g=

1
9
(1; 2;−1)T; 1
9
(1;−1; 2)T; 1
6n
(−1; 1; 1)T

:
All these periodic structures have the same innite packing density =
p
18=0:74048 : : : :
It is a natural question to ask how ‘fast’ appropriate ‘large’ partial packings of these
laminated packings tend to this density. It is not obvious how to compare these pack-
ings. In this paper we use concepts as the parametric density (see [13]) and the density
deviation introduced in [15,14,11]. With this concepts remarkable relations between
dense nite packings and concepts of crystallography such as the Gibbs{Curie surface
energy and the Wul-shape for ideal crystals and quasicrystals have been shown in
[15,14,11,2,5,4].
In the Section 2 we give the basic denitions for the parametric density and the
density deviation. Based on these concepts we show that in a well-dened sense the fcc
lattice tends faster to the innite density than all other Barlow packings, in particular,
the hcp structure.
The result can be interpreted as a geometric model for the fact that most of the
noble gases cristallize in fcc (see [10,18,3]). This fact cannot be explained with the
Lennard{Jones potential since the hcp structure has a slightly lower energy per particle
than fcc [9,3,1]. Using the nearest-neighbor model for the surface energy and Wul’s
construction [12,17] it is pointed out in [3] that there is a lower surface energy per
particle for the fcc structure. Another energy argument based on entropy dierence is
given in [18].
The Kepler conjecture, which says that there is no denser packing of translates of
the sphere than fcc, has been proved by Hales in a series of papers (e.g. [8]). The
theorem shows that large nite packings in fcc are in a well-dened sense denser than
in laminated packings, i.e. in a wide class of non-lattice packings.
2. Denitions and the result
For the theorem and its proof we need a few technical denitions. Here, we adapt
the notation in [11] to our special case. For x 2 R, let fxg= x − [x] be the fractional
part of x. For u 2 Ln primitive let
j(u) = futjg; j = 1; : : : ; n;
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(u) = max
16m6n
0
@1
2
− 1
n
nX
j=1
fm(u)− j(u)g
1
A ;
(u) = (u)(jjujj)−1:
We call (u) the optimal facet density in direction of u. It measures the volume of
the balls per unit of the surface area. So it has homogeniety degree 1 rather than 0 as
densities usually have.
Let P(Ln) be the set of d-dimensional polytopes with facet normals in Ln . For a
polytope P 2 P(Ln) with facets F1; : : : ; Fk orthogonal to u1; : : : ; uk 2 Ln let
fi=Vd−1(Fi)(V (P))(1=d)−1; i=1; : : : ; k, be the normalized (d−1)-volume of the facets,
which are dilatation-invariant. Then, we can measure the nite packing quality of P
via the density deviation
M (P; %) = M 
kX
i=1
fi(%− (ui)): (1)
Actually the density deviation comes from a limiting process of parametric densities of
arrangements R close to P;  2 N (see [11]). The j(u) describe families of parallel
planes orthogonal to u containing points of tj+Ln. The maximum in (u) comes from
the choice of one of those families as the most eective planes for a possible facet
of R.
The density deviation can be regarded as the second term in the Taylor expansion
with respect to %−1 of M (C; P; %) and so it is a kind of a derivative in innity (see
[16]). Note that the optimal arrangements Cn for xed n are not necessarily identical
with real atom clusters. So as an averaging process we use R instead of Cn.
In [11] it was proved that, if for P;Q 2 P(Ln); M (P; %)<M (Q; %), then P is, in
a natural sense, asymptotically %-denser than Q.
Further, M (; %) takes its minimum in the Wul-shape
WM =WM (%) =

x:
u
jjujjx6%− (u); u 2 L

n primitive

; (2)
which is always a nonempty polytope for %>%M = supu2L∗n (u). Let d = V (B
d) be
the volume of the d-dimensional unit ball. Then, the innite packing density for M is
M = nd(det Ln)−1. Since M is equal to the density 3 ==
p
18 of the densest lattice
packings of spheres for any n and any M , even polytopes from dierent structures
P 2 P(Ln) and Q 2 P(Lm) are comparable. The minimal density deviation has the
form (cf. [11, Lemma 4])
min(M; %) = dMV (WM (%))1=d:
Therefore, the problem of nding the structure M , which ‘tends fastest to the innite
density’ is reduced to the following question:
For xed %, what is the periodic arrangement M with minimal V (WM )?
This question can be investigated without technical details, introduced above, and a
short proof is presented in Section 3.
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We show that (u)6
p
3 for any M and u and as a consequence the Wul-shape for
fcc, which is the regular octahedron for small %, asymptotically yields the best nite
parametric densities. The Wul-shape for hcp for small %>
p
3 is given by a truncated
double pyramid over a regular hexagon. The angles to the basis are 62:06 : : : degree.
Theorem. For any n>2 there is a %0(n)>
p
3; such that for any M 6= fcc with
period n
min(fcc; %)<min(M; %) for
p
3<%<%0(n):
Note that %0(n) tends to
p
3 for n!1, because one can choose M arbitrary close
to fcc.
3. Proof of the theorem
We rst need the following bound for the optimal facet densities (u):
Lemma. For M = Ln + ft1; : : : ; tng and any choice of 2; : : : ; n and any u 2 Ln holds
(u)6
p
3:
Equality is only attained if u= b3 (for all M) or u=jjujj 2 O = f 1p3v: v=(1; 1; 1)T;
(1;−1; 1)T; (1; 1;−1)Tg, when n  0mod 3 and M = fcc.
Proof. Let L= Ln and u= b1 + b2 + b3 2 L, with ; ;  2 Z.
(1) =  = 0; = 1: For u= b3 we have j(u) = (j − 1)=n; j = 1; : : : ; n and hence
(u) =
1
2
− 1
n
n−1X
j=1
j
n
=
1
2n
and so (u) =
p
3.
(2) If jjb1+b2jj>
p
3jjb1jj=
p
2=3, then (u)6(2jjujj)−163=4p2=1:06 : : : : Hence
we can assume in the following that b1 + b2 2 H = fb1;b2; (b1 + b2)g with
jjb1 + b2jj=
p
6=9.
(3)  = 0: Then j(u) = fj=3g or j(u) = f2j=3g and hence j(u) 2 f0; 1=3; 2=3g.
By our restriction, not more than one-half of the j(u) can be equal and so (u)6 12 −
(1=n)(n=2) 13 =
1
3 , and (u)6
p
6=2 = 1:224 : : : : The maximum is attained if and only
if n is even and M = hcp.
(4)  6= 0: Let gcd(; n) = c; n= qc; = kc. We have 1(u) = 0 and
j(u) =

+ 
3
j +
(j − 1)
n

; j = 2; : : : ; n; (3)
with 3-(+ ). From fxg> 13f3xg it follows for any m; j 2 f1; : : : ; ng
fm(u)− j(u)g>13

3
n
(m− j)

=
1
3

3k
q
(m− j)

: (4)
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Now we distinguish two cases
(4a) 3-q,
(4b) 3jq,
In case (4a) the elements f3k=q(m− j)g; j= 1; : : : ; n in (4) run through f0; 1=q; : : : ;
(q− 1)=qg and each i=q is attained c times. Thus
(u)6
1
2
− c
3n
q−1X
j=1
j
q
=
1
3
+
1
6q
and from =n>1=q we obtain
(u)6
1=3 + 1=(6q)p
2=27 + 1=(12q2)
=
p
3
2q+ 1p
8q2 + 9
:
The maximum for q 2 N is attained for q= 2 and hence (u)6 541
p
123 = 1:3525 : : : :
The maximum is only attained if n even, =n=2 and j is alternating, i.e., M =hcp.
In case (4b) let q=3r. The elements f3k=q(m− j)g; j=1; : : : ; n in (4) run through
f0; 1=r; : : : ; (r − 1)=rg and each i=r is attained 3c times. Hence
(u)6
1
2
− c
n
r−1X
j=1
j
r
=
1
3
+
1
6r
and from =n>1=(3r) it follows
(u)6
1=3 + 1=(6r)p
2=27 + 1=(108r2)
=
p
3
2r + 1p
8r2 + 1
:
The maximum for r 2 N is attained for r = 1 and hence (u)6p3. Equality only
holds, if k = r = 1; 3jn;  = n=3. In this case 1(u) = : : : = n(u) = 0 and (3) yields
either j  j − 1mod 3 or j  −(j − 1)mod 3 and hence M = fcc.
Proof of the theorem. For fcc, the eight half-spaces corresponding to directions with
(u) =
p
3 intersect in a regular octahedron K% with volume V (K%) = 4=3(%
p
3− 3)3.
Elementary calculations show that the six vertices of K% satisfy the conditions for all
other u 2 Ln in (2), for
p
3<%< 3=4(
p
3 + 1) = 2:049 : : : : Hence, for this range of
parameters, Wfcc(%) = K%.
For the period n>2 there are only nitely many choices for M . So there is a
0 = 0(n)<
p
3 with (u)60, for u 2 Ln ; u 6= b3 and any M 6= fcc with period
n. If z = b3=jjb3jj and E is the plane orthogonal to z, then by the Cauchy{Schwarz
inequality the intersection of (%− 0)B3 and the strip [
p
3− %; %−p3]  z+E, and so
the cylinder with radius
q
(%− 0)2 − (%−
p
3)2 and height 2(% −p3), is contained
in the Wul-shape WM . It follows
V (WM )>2(%−
p
3)((%− 0)2 − (%−
p
3)2):
By continuity we have V (K%)=(% −
p
3)<V (WM )=(% −
p
3), for small %>
p
3 and
hence the existence of %0(n) follows.
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